WE o AE ¥ 44 Chapter 9 Parametric Equations and Polar Coordinates 9.1-9.4
9.1

3. Sketch the curve by using the parametric equations to plot points. Indicate with an arrow the
direction in which the curve is traced as ¢ increases.

x=5sint,y=1,—r<t<rxw

Y4

t=%7 0,77

t=0 (0,0)

7. x=Alt,y=1-1

(a) Sketch the curve by using the parametric equations to plot points. Indicate with an arrow the
direction in which the curve is traced as 7 increases.

(b) Eliminate the parameter to find a Cartesian equation of the curve.

() x=vi,y=1-t=y=1-xt>0,x>0

y
0,1) =0

E

(1,0) t=1

(2,-3) 1=4

13. x=e*,y=t+1
a) Eliminate the parameter to find a Cartesian equation of the curve.
p q

(b) Sketch the curve and indicate with an arrow the direction in which the curve is traced as the
parameter increases.

() x=e2’:tz%lnx:y:t+1:%1nx+l v x>0

i //

0( 1 b

17. x=35sint,y =2cost,—7 <t <5x. Describe the motion of a particle with position (x,y) as ¢
varies in the given interval.
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19. Use the graphs of x= f(t) and y=g(¢) to sketch the parametric curve x= f(¢),y=g(1).
Indicate with arrows the direction in which the curve is traced as ¢ increases.

y
XA VA /
0,1) t=1
].‘_
+ > (-1,0) X
t=0 {]1 r=-1

._
-~y
=~

-1

27. Find parametric equations for the path of a particle that moves along the circle x*+(y —1)> =4
in the manner described.

(a) Once around clockwise, starting at (2,1).
(b) Three times around counterclockwise, starting at (2.,1).
(c) Half way around counterclockwise, starting at (0,3).
(@ X*+(y-1Y=4=x=2cos0,y=1+2sin6 » Bt e5etress > A2 A (2])
NEBF4t 0 =—t = x=2cost,y=1-2sint,0<t<2x

(b) e =k » BPABARA =2 — > AFAO=3t= x=2c0s3t,y=1+2sin3t,0<t <27

(c) #¥HE > Hiews(03) éﬁu?=t+%:x=2cos(t+%),y=1+2sin(t+%),0$t$7z'

:>x:—2sin%,y:1+2005t,OStS7r
31. Compare the curves represented by the parametric equations. How do they differ?
(@ x=£,y=> () x=ty=t" (c) x=e ¥, y=e”
a) >y=x"",xeR yeR U =S y=x"",xeR"U{0},ye R" U
(a) xeRyeR U0} (b) M xe R U0}, ye RF U0}

(c) >y=x"xeR",yeR"

_:P'Il
y
y Sp—_
A r_"’ x=&¥
x=py=r y=t t>0 v o 1<l
./’ - /‘__..-Jf
t>0 ¢~
“T<0 7l
. (1.1)
) : 0 x 0 =
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9.2

3. x=t"+1,y=£ +#t=-1. Find an equation of the tangent to the curve at the point
corresponding to the given value of the parameter.

& =4¢, D Y 3 jI:Q
dr dt dx 4t dx

t=—1 -4
BB (2,-2) PRI A y+2=—(x—2) = y=—x

7. Find an equation of the tangent to the curve x=¢',y=(t-1)" at the point (11) by two
methods: (a) without eliminating the parameter and (b) by first eliminating the parameter.

@ B Wyl A2y

N _-2
dt " dt e e dx

t=0 1

=2

gk B (L) » RIS y-1="2(x-1)=> y=-2x+3
t 2 dy 1

(b) x=e¢'=>t=lnx=y=(nx-1) :E=2(lnx—1)-—
X

:% =_T2=—2 CEA/ LD ARUAMIR Ay -1=2(x-1) = y=-2x+3
xx:l

2
9. x=4+*,y=+¢.Find Z); and Z’xy For which values of ¢ is the curve concave upward?

dy _dyldt _2+30° 143,
de deldt 2t

d’y _d (dyj d(dy/dx)/dt _3/2 3

@ drldx deldt 2t M
dZ
ad2>OET Wk Bl>0 e

15. x=2cos#,y=sin26. Find the points on the curve where the tangent is horizontal or vertical.
If you have a graphing device, graph the curve to check your work.

dy _dy/d@ _2cos26 _ —cos20
dx dx/df —2sin@ siné@

. dy 7w 37 Sm Ix
e =08 P44 0 Blcos20=0=>0="—"— " ‘=
= o SR K8 ] 1 4° 1 2
PR 690 25 % (iﬁ»il) 9= +2nw (—V’z‘l\] L5 l\.“‘[2,l) 0=7+2nm
\ /[
@—0 BAEAVIL  Rlsind=0=60=0,7 ( 20 O=2ne
dy 2.5 25
(—2,0)
Fit A 69471 85 2 (£2,0) ff—|.2n+1,nr/t/ b, . J
H=}—+7n‘rr( V2, I/) s N2,—1 0:7Tﬂ+2n'n'
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25. At what points on the curve x=r +4¢,y =6t is the tangent parallel to the line with
equations x=-7t,y=12t-5?

dy dy/dt 12
de  dx/di 7

dy dy/dt 12¢
dc  dx/di 3 +4

x=-Tt,y=121-5=>2

x=t+4,y=61"=

12¢ 12 —4 —-208 32
T = Zoi=-1— = (x, 5.6 7 3
3P +4 7 3 (.7)=(5.6( 27 )

27. Use the parametric equations of an ellipse, x =acosd, y=bsind, 0<6 <2z, to find the
area that it encloses.

TRE—SROBREHRTE EIJA=4jydx=j0”/2y(9)dx(9)=4abj0””sin29d9=mb

29. Find the area bounded by the curve x=cost, y=e¢', 0<¢ S% , and the lines y=1 and
x=0.

z/2

1 o, . I, . | PP
A=J-0(y—1)dx=J-ﬂ/2(e —l)(—smt)dt={§e (smt—cost)+cost} =§(e -1)

0

33-36. Set up, but do not evaluate, an integral that represents the length of the curve.

33. x=t-t*, y= :3/2 1<r<2

d——l 21, Zy 2= )+(dy) =1+47
_J' ,/(dx) +(dy) dt—J- Vi+4cdr
35. x=t+cost, y=t-sint, 0<r<2x
:ﬁ—l—smtﬂ—l cost:( )+(dy) =3-2sint —2cost

L= J- 1/ dx dy) dt = J- V3 —2sint —2costdt

39. x—l—t, y=In(1+¢), 0<¢<2.Find the length of the curve.
+

dc 1 dy 1 dvy, dy, P+20+2
e e (Y () =
dt  (A+t) dt 1+t dt dt (1+1)

ay ., x/t +2t+2
L= ( N+
0 (1+1)
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QEEETEN N

(1+1)°

svu? +1 w3 sec’ O tan~' 3 cos@
hu=tan0=du=sec’ 040 > 7l [ 5 —du=[" "T=—do=|" "(secO+
1 u tan" 1 {qn 9 tan” 1 S

ASu=l+t=>du=dr > B J
0

)

sin@

Tl =1n(\/ﬁ+3)—@—ln(\5+l)+\/§

tan'1

=[ln|se06’+tan6’|— -

J_ 72 +1n (?:3)

47. Find the distance traveled by a particle with position (x,)) as ¢ varies in the given time
interval. Compare with the length of the curve.

x=sin’t, y=cos’t, 0<t<3rx
)+( )dt—\/_J |sm2t|dt_6\/_j sm2m’t——3\/§cosZr‘

50. Find the total length of the astroid x = acos’ 0, y=asin®@, where a>0.
L= 4J.”/2 (ﬂf + (ﬂ)zdé’ = 12ar/zsin6’cosé?d9 = 6ar/zsin29d¢9 — _3acos2”? = 6a
0 do do 0 0 .

9.3

5.(2) (L) (b) (243.-2)
The Cartesian coordinates of a point are given.

(1) Find polar coordinates (r,6) of the point, where » >0 and 0<6 <2x.

(i1) Find polar coordinates (r,6) of the point, where » <0 and 0<6<2x.

(@) (i) rcos@=rsinf=1=r :\/539:%

(i) rcos@=rsinf=1=r :—\/5,6’=57ﬂ

(b) (i) rcosd=23,rsinf=-2=r =4’9:%
(i1) rCOS0=2\/§,rsin¢9 = D=y =_4’9:5?”

7-12. Sketch the region in the plane consisting of points whose polar coordinates satisfy the given
conditions.
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9. 0<r<4,-L<o<Z

w
0=—
6.a
P i)
D i oo
O| £ty _
ST S
St
- PO
0=—5 it 11‘.'1'
2 r=4
oA NTRsS
e
“’r

11. 2<r<3,—ﬂ-§9$7?ﬂ
T
3
=3
Sw
0=T

13. r=3siné. Identify the curve by finding a Cartesian equation for the curve.

r =3sin@ = x =3sinfcosh,y =3sin’f = x =§sin2¢9,y =§—§cos2¢9

3 3., 3. .,,.3 .,
> +(-2) =) A—Ew(0.0) FEWE -
2 2 2 2
19. x* + y* =2cx . Find a polar equation for the curve represented by the given Cartesian equation.
x=rcosf,y=rsinf

= r? =2crcosf = r(r—2ccosf)=0=r=0,r = 2ccosé

23-40. Sketch the curve with the given polar equation.

(.3)

25. r=sinf

b
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33. r=2cos468

47. r=2sin0,0 = /6. Find the slope of the tangent line to the given polar curve at the point
specified by the value of 6.

&y dy/do
dx  dv/dé

r=2sinf = x = 2sinfcosh =sin 26, y = 2sin’ @ =1 —cos 20

:>dy/dt9=2sm2¢9=tanzgzﬂ _f3
dx/df 2cos26 dx|,_z
53. r=1+cosd. Find the points on the given curve where the tangent line is horizontal or vertical.

dy _dy/do
dx  dv/do

r=14+cosd = x=(1+cosf)cosd,y = (1+cosd)sinf

dy/d®  cos@+2cos’ 01
dx/df —sin@—2sin@cosl

Y4

KFinsr o BHEBE - B cos@+20052¢9—1:030050:%,—1:0:%,75,?

s A (. 5.0, MG =)

EAG > SR RGFL 0 BP—sind—2sinfcosf@ =0

) 1 2 4 1 27 1 4x
=sinf=0,cos0=——=60=0,— » b EE A (2,0 —,—
2 3773 A ( )(2 3 )(2 3 )

55. Show that the polar equation r =asind+bcosd, where ab # 0, represents a circle, and find
its center and radius.

r=asin@+bcosd = r> =arsin@ + brcosd = x> + y> = ay + bx

2 2
= (x° —bx+%)+(y2 —ay+%)=

2
apmg,g) e ““2”’ B -

a’ +b’ b, a., a+b*,
Sx-)+(y—-——) =(———
1 (x 2) (v 2) ( 3 )
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3. r=sinf,7/3<60<2x/3. Find the area of the region that is bounded by the given curve and

lies in the specified sector.

A =1J’r2d9 =1J’2”/3sin29d9 _Lo-Lanoeyr _r 3
2 20 47 2 28

7. r=4+3sind . Find the area of the shaded region.
1 1 ¢=/ 9 ,, 41
A=§jr2d9=§j_ (4 +3sin0)>d6 = (—6’—§s n260)” ;32—777

9-12. Sketch the curve and find the area that it encloses.

9. 1> =4cos26
BB TA B LT AR SR ses%’ﬁ%mm
r e 0
A=4><1J- /44cos29d49=4sin29‘ =
290 0
11. r=2cos30
GETEE BB ETHE BAERE WEEHH0<0 % r=2cos30
ARG ~0=%
/6
1 ¢r/6 5 1.
A=6x_j 400s*30d0 =6(0+—sin60) =1
2% 6 .
15-18. Find the area of the region enclosed by one loop of the curve.
15. r=sin26
G TA Y CERLA B 050< -
1=z ., 1 1. " x
A:-j sin>20d0 =—(0 ——sin40), =—
2b 4 4 , 8
17. r=1+2sin@ (inner loop)
N T 1z
HETESL  LEBRERDE > WE—<0< °
6 6 r=1+2sin6
117z/6
A=1J’””/6(1+2sin9)2d9=l(39—4cos0—sin29) )
25716 2 7716 2

o3

0=

19-22. Find the area of the region that lies inside the first curve and outside the second curve.

8 B3k %



Py AF £ #22 Chapter 9 Parametric Equations and Polar Coordinates 9.1-9.4
19. r=4sin0,r =2
sz
6
1 f”/ [(4sin0)> —2%1d0 = (26 - 2sin 29)\5’”6 1T 243

r=4sin@,r =2 | &I N0 =

o N

21. r=3cosO,r =1+cosl

r=3cosO,r =1+ cosf W 48 i%@zi%

7/3
1

A= [ [3eosoy ~(1+cos0)1d0 = Be +5in20 —sin 9} =7z
% -z/3

23. r=sind,r =cosd. Find the area of the region the lies inside both curves.

t [B 9 T 4o ot B B AR 7 0 =%

1 ¢r/a 2 o 1 . 7
ﬁmxAzzx_j sin@df=|~——sin20| ==-—
2 2 4 4

0

29-32. Find all points of intersection of the given curves.

29. r=cosf,r =1-cost

r:cosé’,r=1—c0s6’:>c0s6’=1—cost9:>cos49:%3gzg’sz
1 7 1 57

FRAAREE A (=,—) ~ (=,—

TARES G G

31. r=sinf,r =sin26

r=siné,r =sin260 = sinf =sin20 = sin@(1 —2cosf)=0= 0 = 0,%,7[,—

£72' £572'

P A X 8L £ (0,0) ~ (0,7) » )

3G )

33-36. Find the exact length of the polar curve.
33. r=3sind, 0<6’<—

L=[\r* +(dr/d0y do = j 3d0=36]" =

35. r=6%,0<60<2x

L=[r*+(dr/d6ydo =" oNo* +4d6

L u=60"+4= du=20d6

B [02”9\/ 6* + 446 = % L“” gy = 2y

472 +4

S CE

4

r=1+cos @

mr=3cos{9

= g .
r=sinf 0=7

= ~ 7 = cos 6
G55
Eate

N/

r=1-—cos#
/////”’——-\\\ r = cosf
Y4
3
= sin #
r=sin26f

j}%/f\’ #3g



