
PhD Qualify Exam, PDE, Sep. 24, 2010 

Show all works 

E: easy, M: moderate, D: difficult 
l.(E) Consider the wave equation Utt - c2,6.u 0, where U = u(x, t), x E R3

, and ,6. is the 
Laplacian operator. For waves with spherical symmetry that is U = u(p, t), where p Ixl. Derive 
the spherical symmetric solution for the wave equation in this special case and find its general 
solution. [10%] 

2. (E) Consider the problem 

{ Utt - c2uxx + hu F(x, t), x E R, t > 0, 
(1)

U(x, 0) = f(x), Ut (x, 0) = 9 (x) , 

where c and h are positive constants. Assuming that u, U x , and Ut vanish as x ---+ ±oo for t ~ 0, 
2and i: (u; c u; hu2

) dx < 00 for t ~ O. Show that the solution of the problem is unique. 

Hint: Use energy method. [10%] 

3.(M) Let U be a nonnegative harmonic function in a ball BR(O). Show that for Ixl < R, [10%] 

Rn-2(R - Ixl) Rn- 2(R + Ixl) 
(R + Ixl)n-l U(O) ::; U(X)::; (R _ Ixl)n-l U(O). 

4.(E) Let 0 c Rn be open. Show that if there exists a function U E C2 (0) vanishing on ao for 
which the quotient 

In IVuI2 

In u2 

reaches its infimum A, then U is an eigenfunction for the eigenvalue A, so that ,6.u + AU = 0 in O. [10%] 

5.(M) State a method of finding the Green's function for the eighth of a ball, [15%] 

Write down the Green's function. Set up a Dirichlet problem which is related to the above Green's 
function. (No need to solve the Dirichlet problem.) 

6.(M) Let 0 be an open bounded subset of Rn
, with smooth boundary. Consider the boundary 

value problem 
-,6.u + AU = f in 0 

(2){ ~~ + fU = 0 on ao 
where f > O. 

(a) Give a weak formulation of this problem. [5%] 
(b) Suppose that there is a weak solution for the problem (2), which is smooth in O. Show 

that this solution satisfies (2) in the usual (strong) sense. (Recall: \Ve say that v is a weak derivative 
of U if (v, 4;) = -(u, 4;') for all test function 4;.) [10%] 
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7.(D) Find the solution for the problem [15%] 

{ Ut U xx 0, 
u(x,O) 0, x> 0, t> 0, (3) 
u(O, t) h(t), 

where h(O) = O. 

8.(M) Consider the Dirichlet problem for a circle [15%] 

x2= 0, y2 < a2,{ U xx U yy (4)u(x, y) h(x, y), x2 + y2 a2, 

where h is a continuous function on the circle. Assuming that the problem has the solution 

2 
a  1u(x) = 27Ta Ixl 

where x = (x,y) = (rcos{},rsin{}) and Xl = (x',y') (a cos ¢>, a sin ¢». Show that 

lim u(x) h(xo),
X-->Xo 

for all Xo lies on the circle, that is Ixol = a. (Give a direct proof.) 
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