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Show all your work. Explanation is required for each problem.
1. [10%)] Compute the surface integral [, 22 dS where S is the unit sphere z2 + y? + 22 = 1.

2. Aset A C R™ is said to be dense ina set B C R" if A C B and B C cl(A) (the closure of A).
(i) [6%)] If A is dense in R™ and U C R" is open, prove that AN U is dense in U.
(ii) [6%)] Give an example of a set A C R™ and a closed set V C R" such that A is dense in
R" but ANV isnotdensein V.
3. (i) [6%] Give an example of a bounded function f: [0,1] — R such that |f| is Riemann-
integrable on [0, 1] but f is not Riemann-integrable on [0, 1].
(ii) [6%] Give an example of a function which is bounded and continuous but not uniformly

continuous.

4. Define f: R2 — Rby
if (z, ) = (0,0);
f(:c,y) = { O’xs 1 ( ) ( )

o (@) #(0,0).

(i) [6%] Prove that f is continuous.
(ii) [6%)] Prove that f is not differentiable at (0, 0).

5. Forn=1,2,3,... and z € R, we define

T
fale) = T
(i) [6%] Prove that the sequence {f,} converges uniformly on R to a differentiable function

I
(ii) [6%] Prove that f’ # lim,_,c f;, at some point in R.
6. Define In(z) := [} } dtforz > 0.
(i) [6%] Prove (from above definition) that In(ab) = In(a) + In(b) for any a,bd > 0.
(ii) [6%] Prove that lim;_,qIn(z) = —oo.
(iii) [6%) Prove that In(z) has a differentiable inverse function (denoted by exp(z)) and prove
that £ exp(z) = exp(z).

7. Let A be a subset of R. We define A(A) € R U {oo} as follows. First, if A is an open interval
(a,b), then we define A(A) := b — a. Second, if A is an open set, we know that A is a union of
countable (including finite) disjoint open intervals: |Jie, (ak, bx) (or Uk—;(ax,bk)). Then we
define A(A) := Y po, (b — ax) (or 3k, (bx — ax)). Finally, if A is any subset of R, we define

AMA) :=inf{\(X) | AC X, X C Rand X is open }.

(i) [6%] Show that A({a, b]) = b — a.
(ii) [6%] If A C B C R, prove that A(4) < A(B).
(iii) [6%] Suppose we know that A (Uze; Ak) < D peq AM(Ag) for subsets Aj, Az, As, ..
R. Compute A(Q).
(iv) [6%] Give an example of subsets A;, Ay, As, ... of Rsuchthat A; D A D A3 D --- and
AMlimg— 0 Ag) # limg 00 A(Ak)-




