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Ordinary Differential Equation ‘
(1) Solve the following differential equations: ' (30%)
(a) 2y(t)y"(t) + y*(t) = 0. |
(1) ty'()~y(t) =¥, 721,
(€) ¥"(1) - 4y(t) = f(2).
(d) dz = (2? + 2zy — y?)dz + (22 - 2zy —y?)dy .
(2) (Picard’s iteration) Consider the differential equation (20%)

y'(t)=f(y(t),1), feC(RxR"),

determined by a function Y in a domain of the extended phase space
R2. Then the Picard mapping is defined by

_ 1
WO =+ [ 160),mdr, 1 =y0),
and the succesive Picard approzimations is given by
¢0 =Y 7¢1 =A¢0)"'¢n =A¢n—l =An¢0’ Vn = 1’2’31"'

(a) Use the Picard’s iteration to construct a sequence of approximate
solutions of the following diffcrential equation

y'(t) =k(y+2), y0)=1, keR,

and prove that the limit of the approximate solution is the solution.
(You need to give a rigorous proof!)

(b) Discuss the long time behaviour, i.e., t — 0o, of the solution.

(c) Discuss the behaviour of the solution as k — 0.
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(3) Consider the linear system (20%)
Foderr Do, @090 = @w)

dt Y, dt""p'y’ T\V), ¥y = \Zo, Yo

where A and p are real constants.

(a) Find out and classify the critical point then determine whether it
is stable or unstable.

(b) Sketch the trajectories in the phase plane.
(c) Solve the linear system.

(4) Show that there is at most one solution of the initial value problem (10%)

y'+e¥ =1, fort>0,
~y(0) =1, ¢(0)=

(5) Let S, be the sphere (£ — )% 4 (y — ) (= 2)2 =t and f(£,7,¢)
continuous. Prove rigorously that the function given by

u(m,z,z,t)=$/s I—(é’tn——’c—)ds,

satisfies the initial value problem of the wave equation (20%)
0%u + 8%u + Pu  Ou
dz? * 9y? 022 T g2
' u(z,y,2,0) =0,

gt (z,9,2,0) = f(z,y,2).






