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[Ea# 2] Part 1. HEMMS

1. (10 %) Suppose f is a real, three times differentiable function on [—1,1], such that
f(=1)=0, f(0)=0, f(1)=1, [f(0)=0.
Prove that f® (x) > 3 for some z € (—1,1).

2. (12 %) Let
fm () = lim (cosmlmz)®® (z € R, m € N),

n—oo
Show that {f,.} converges to a function f in R, but not uniformly.

el

3. (a) (10 %) Show that / e % dx = /T

v =00
00

(b) (8 %) Show that I" (1) = /7, where I' (a) = / e ®z* ldz is the gamma func-
tion, 0 < o < o0. o

4. (15 %) Let f : [0,1) — [0, 1] be continuous on [0, 1] and differentiable on (0,1). Assume
that f(0) = 0 and f(1) = 1. Show that for each n € N, there are n distinct points
aj, as, ** -, an € [0,1] such that

L oo
f'(a1) ~ f'(a2) o

3

(a) (5 %) State the Weierstrass approximation theorem.
(b) (10 %) Let f : [0,1] — R be a continuous function such that _]61 f(z)z"dz =0
for all nonnegative integers. Prove or disprove that f (z) = 0 for all z € [0, 1].

6. (a) (7 %) State the Arzela-Ascoli theorem.
(b) (8 %) Let

2
n(g)=———— (0<z<],n=1, 2,3, ...).
fn (@) 22 + (1 —nz)® ( )

Show that {f,} is not equicontinuous on [0, 1].

7. Define

0 ifz=0.

sin y; Aar+y? iz #0
f(w,y)={ ( )

(a) (7 %) Show that the function f : R? — R is continuous at (0, 0) and has directional
derivatives in every direction at (0,0).

(b) (8 %) Show that there is no plane that is tangent to the graph of f : R* — R at
the point (0,0, f(0,0)).
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In what follows, R denotes the field of all real numbers, and My xn(R) denotes the vector
space of all n x n real matrices.

1. Let P(R) be the vector space of all polynomials of degree at most 2 with real coefficients.
Suppose T': Max2(R) = P(R) is the linear transformation defined by

a b . 5 o1 2
T(c d>—30—|(a 2b)x + dx*.

(a) (10%) Find a basis for the null space of T and determine the dimension of the range
of T'.
(b) (10%) Let v = {1,2,2%}, which is the standard ordered basis for Py(R). Find an
ordered basis 3 for Mayy2(R) such that the matrix representation [T]?i of T in B and
v is
0

— o
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2. Let n be a positive integer, and let S; = {A € Mpuxn(R) | At = (—l)iA} for ¢ = 1,2. Here
At denotes the transpose of A.

(a) (6%) Prove that S; is a subspace of My, xn(R) for i = 1, 2.
)

(b) (12%) Prove that Myxn(R) is the direct sum of S; and Ss.

2 -1 00

P o |1 0 0 0

3. Consider the real matrix A = 3 -1 -1 0
0 -1 0 2

(a) (8%) Find the characteristic polynomial for A.

(b) (12%) Find the minimal polynomial for A. Is A similar to a diagonal matrix? Justify
your answer.

4. (12%) Let V be a finite-dimensional inner product space whose inner product is denoted
by (-, ), and let T be a self-adjoint operator on V (that is, T is equal to its adjoint 7).
Prove that if (v, T'(v)) = 0 for all v € V, then T is the zero linear operator.

(18%) Let T be a linear operator on a finite-dimensional complex vector space V. Suppose
W is a T-invariant subspace of V and W # V. Prove that there exists a vector v € V \w
such that T'(v) — Av € W for some eigenvalue A of 7.

ot

6. (12%) Let A be a 9 x 9 real matrix such that A% 4 A3 = 45 + A4, Is A similar over R to
a upper triangular matrix? Justify your answer. ’



