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1. Assume that {x,, 1Y€ N} is a sequence of numbers of R. A series Z ¥y is called a rearrangement
r=1

of Z x, if and only if there exists a one-to-one surjective map N -2, N such that Yy = X
=1
Yy eN.

0 ro13yr+]
(a) Prove that the series Z Sul)

r=1

converges to In2.

(___1)y+l

{b) Prove that there exists a rearrangement Zy,, of Z

r=1 =1

= (~1)rH! 1,
2008. [Note that the (alternating) series Z St converges, though Z ; diverges.]
y=t r=!

o
such that Z ¥, converges to
r=1

2. Assume that [x,, ER:ve N} is a bounded sequence of numbers of R. Suppose that {y., eER:ve N}
is a sequence bounded from below so that lil;le 1%nf y, exists in R. Prove that

h:;‘ne énf Xy + lxrglﬁénf Yy S lx%nf (x,, +y,,) < lm;.E :pry+llr;'le l{‘nf Yy

3. Given a Lebesgue measurable subset A of R”, we denote by |Al the “‘l:ebesgue measure of A.
Assume that {E., 1Y€ N] is a decreasing sequence of measurable subsets of R” so that E, D E,

whenever u < v. We define & = ﬂ E,.
yeN

(a) Suppose that |E,| is finite for some y € N, Prove that |€] = ,,l_i,?m |E,|.
(b) Show that the equality 6] = lim |E,] could be wrong when |E,| = 0o ¥y € N.
4. Given a Lebesgue measurable subset A of R” we denote by || the Lebesgue measure of A. Given

aLebesgue integrable function g on R" the Hardy-Littlewood maximal function M, of g is defined
on R" by

My(x) = sug |2l

>

1B Js.00
where B,(x) is the open ball with radius r centered at x € R".
(a) Prove that for each ¢ € R the set {x eR*: My(x) > t} is open.
(b) It follows from (a).that M, is a measurable function on R". Prove that when J; ) Igl > O we
have . |M,| = 400,

5. We say that a closed subset C of a metric space X is nowhere-dense if and only if C contains
no nonempty open subset of X. Prove the Baire Category Theorem: When X is complete met-
ric space, there does not exist a countable collection {C,, cX:ye N} of nowhere-dense closed

subsets of X satisfying X = U C,.
reN
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Answer all the problems and show all your works.

1.

(10%) Let G be a group of order 12 such that G has no elements of
order 6. Show that G is isomorphic to A4, the alternating group of
degree 4.

(10%) Let R be a commutative ring with identity. Let A be an ideal of &
such that A is contained in a finite union of prime ideals AUPU- - -UF,.
Show that A C F; for some j = 1,2,...,n.

(10%) Let E be an extension field of K and L and M intermediate
fields. Suppose that L is a finite Galois extension of XK. Show that LM
is a finite Galois extension of M. Moreover, Gal{L/K) & Gal(LM/M),
where Gal(X/Y) denotes the Galois group of X over Y.

(10%) Let E and F be fields. Suppose that E = F(z), the field gener-
ated by z over F, where z is transcendental over F

(a) Let F C K C E be an intermediate field such that K # F. Show
that z is algebraic over K.

(b) Let y = f,%% € E with relatively prime f(z), g(z) € F[z]. Find the
degree [F(x) : F(y)}.

(10 %) Let V be a complex finite dimensional vector space of dimension
n. Let ¢ and ¥ be endomorphisms of V such that oy =P og. Show
that there exists vector subspaces

occVvaCc---CcV,=V

such that dimV; =1, $(V;) C V;, and ¢(V;) C V.
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